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Abstract. The purpose of this article is to study the space of stability condi- 
tions Stab(P n ) on the bounded derived category T> b (P n ) of finite dimensional 
representations of a quiver P n with two vertices and n parallel arrows. There 
is a local homcomorphism Z : Stab(P n ) — ► C 2 . We show that, when the num- 
ber of arrows is one or two, the map is a covering map if we restrict it to the 
complement of a line arrangement. When the number of arrows is greater than 
two we need to remove uncountably many lines to obtain a covering map. 



1. Introduction 

Tom Bridgeland introduced the notion of stability conditions on a triangulated 
category 3f ( |Bri07j ). A stability condition is a pair (Z,V) of a group homomor- 
phism Z from the Grothendieck group K(5F) to C and a family of abelian subcat- 
egories V = {P ((f))} of & . The space Stab(i^) of all (locally-finite) stability 
conditions on & can be made into a complex manifold. There is a continuous map 
Z : Stab(^) -> Hom z (X(^), C) which maps (Z, V) to Z. It is known that for each 
connected component £ C Stab(^), there is a subspace V(E) C Homz(if (i^), C) 
such that Z : £ — > V(T,) is a local homeomorphism ( [Bri07[ Theorem 1.2]). 

The spaces of stability conditions on the derived category of coherent sheaves on 
algebraic varieties have been studied intensively. For example, Bridgeland studied 
the space of stability conditions associated to a Kleinian singularity of ADE-type. 
Let A be a preprojective algebra of the ADE-graph T and let T> = 2? b (modA). 
In this case, Homz(K(T>), C) can be identified with the Cartan subalgebra f) of 
the Lie algebra g corresponding to T. The image of Z : Stab(£>) — > t) is f) reg , 
the complement of the affine root hyperplanes in f). Bridgeland conjectured that 
Stab(2?) is connected and simply connected, and so Z is a covering map ( |Bri09| ). 
A. Ishii, K Ueda, and H. Uehara proved this conjecture in the case of type A 
( [IUUlOj ). However, the other cases of type D and E still remain open. 

It is an important problem to find hyperplanes {-Ha}agA in Homz(-ftT(>^), C) 
such that the restriction of Z to the complement Komz(K(.^), C) — U\ e \H\ is a 
covering map. 

There is a relation between the derived categories of finite dimensional represen- 
tations of a quiver and the derived categories of algebraic varieties. For instance, 
the Kleinian singularities arc related to the ADE-graphs and P 1 is related to the 
Kronecker quiver. Emanucle Macrf studied the space of stability conditions on a 
triangulated category generated by finitely many exceptional objects f [Mac07j ). A 
typical example of such a triangulated category is the derived category of a finite 
quiver. In particular, he proved Stab(P„) is connected and simply connected where 
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Stab(P„) denotes the space of stability conditions of the bounded derived category 
of finite dimensional representation of the quiver P n with two vertices and n parallel 
arrows. 

In this article, we give a concrete description of Stab(P n ) as a complex manifold. 
The local homeomorphism Z : Stab(P n ) — > Hom%(K (P n ) , C) is not a covering map. 
However, if we cut off some subspaces from Horn%(K (P„) , C), the restricted map 2 
is a covering map. To see this the author use the C-action on Stab(P„) introduced 
by Okada and use the induced principal C-bundle C — > Stab(P„) — > Stab(P„)/C. 

Theorem 1.1. The quotient space Stab(P n )/C is a 1- dimensional complex man- 
ifold given by gluing three, if n = 1, or countable, if n > 2, upper half planes Hfc. 
See Figure [7] and\^ where, in Figure^ the sequence {ak} is the one defined in 
Definition ] 5. 11 

There is a map \ n : Stab(P„)/C — > CP 1 whose restriction onto CP 1 \ {3-points} 
(n = 1), CP 1 \ {countable points} (n = 2), or CP 1 \ {points and arc} (n > 2) is a 
covering map (see Pigure [3J and\Q respectively). 
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Figure 1. Stab(Pi)/C 
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Figure 2. Stab(P„)/C 
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Figure 3. xi 




Figure 5. x 



Theorem 1.2. The local homeomorphism map Z : Stab(P„) — > YLothz{K {P n ) , C) 
is a covering map if it is restricted to the complement of three lines (n = 1), 
countably many lines (n = 2), or a bundle of uncountably many lines (n > 3). 

The article is organized as follows. In section 2, we recall the notion of stability 
conditions introduced by Bridgeland, the action of universal cover of GL + (2,R) 
on the space of stability conditions, and Macri's results on the space of stability 
conditions on triangulated categories generated by finitely many exceptional ob- 
jects. In section 3, we review Macri's work on Stab(P„). In section 4, we study 
Stab(Pi). i.e. the case of one arrow, and in section 5, Stab(P n ), the case of multiple 
arrows. In particular we examine the principal fiber bundle structure by C-action, 
and examine how the coordinate neighborhoods arc glued each other. In section 6 
we prove main theorems. 
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2. STABILITY CONDITIONS 

In this section we assume that a triangulated category 8F satisfies the following 
conditions. 

• Hom^(A,B) = fe Honr|r(A-B) = fc Homj(4, B[k]) is a finite dimen- 
sional C-vector space where [k] is the /c-fold shift functor. 

• ST is essentially small, that is the set of isomorphism classes of objects in 
ST is finite, 

Denote the Grothendieck group of & by K{3^) which is the quotient group of 
the free abelian group generated by all isomorphism classes of objects in S? over the 
subgroup generated by the elements of the form [A] + [B] — [C] for each distinguished 
triangle A -> C -> B. 

2.1. Definition of stability conditions. A stability condition on J is a pair 
a = (Z,V) of 

• a group homomorphism Z : K(2?) — > C and 

• full additive subcategories V(4>) of 2? for each <f) e R 

satisfying 

Brl: if 4> 1 > 4> 2 and Aj 6 V(<pj) then Romy(A 1 ,A 2 ) = 0, 

Br2: V{cj> + 1) = P(0)[1], 

Br3: each nonzero object has a Harder-Narasimhan filtration, and 

Br4: if ^ A e V{<f>), Z([A]) = m(A) exp(i7T0) for some m(A) G M> . 

A Harder-Narasimhan filtration of a nonzero object E € ^ is a diagram 

= So »- Si » »► #n-i *■ K = E 

"A "a 

such that each — > £y — > is a distinguished triangle in A,- € V(4>j) for 
all j and (f>i > ■ ■ ■ > <f> n . Note that for a stability condition a = (Z, V); 

• a Harder-Narasimhan filtration for a nonzero object is unique up to iso- 
morphism, 

• Z is called the central charge, 

• nonzero objects in V(4>) is called semistablc of phase <j), 

• simple objects in P(<fi) is called stable, 

• 4>ti E ) : = 01) 0a (#) : = 0n. and 

• m a (E) := X) I-^QAj'DI is called the mass of £\ 

A stability condition (Z,V) is called locally-finite if there exists egM such that 
V{4> — e, <p + e) is of finite length for each (f>, that is, it is an Artinian and Noetherian 
category. Denote Stab(i^) to be the set of all locally-finite stability conditions on 
3?. Bridgeland defined a generalized metric on Stab(i^) by 

d(a 1 ,a 2 ) = sup l.\^- 2 (E)-<l>- 1 (E)\,\ ( l>+ 2 (E)-^ 1 (E)\, 
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for (7i, <72 <G Stab(^). It is proved that Stab(^) is locally homeomorphic to a 
complex vector space, so it is a complex manifold. 

Theorem 2.1. |Bri071 Theorem 1.2] For each connected component £ C Stab(^) 
there are a linear subspace T^(S) C Homz(ii'(^), C), with a well-defined linear 
topology, and a local homeomorphism Z : £ — > V(E) which maps a stability condi- 
tion (Z,V) to its central charge Z. 

Bridgeland proved that for any stability condition (Z, V), the additive subcate- 
gory V(0, 1] generated by all semistables with phase in (0, 1] is a heart of a bounded 
t-structure. Conversely, if a heart of a bounded t-structure and a stability function 
are given, a stability condition can be constructed. We denote K(A) to be the 
Grothcndieck group of an abelian category A. 

Definition 2.2. Let A C ^ be a full abelian subcategory. 

(1) A stability function on A is a group homomorphism Z : K(A) — > C satis- 
fying € H = {m cxp(iri(f>) | m > 0, < < 1} for all nonzero object 
Ee A. 

(2) For a stability function Z on A, define 4>{E) to be the phase of Z([E}). 

(3) An object E £ A is said to be semistable if 4>(F) < (j>(E) for each subobject 
F C E. 

(4) A stability function Z on A is said to have the Harder- Narasimhan property 
if for every nonzero object E £ A, there is a finite chain of subobjects 

= £ o c£iC--C En-i C\E n = E 

whose factors Fj = Ej/Ej-i are semistable objects with 

<j>{F 1 )>4>(F 2 )>---><j>(F n ). 

Theorem 2.3. [Bri07( Proposition 5.3] To give a stability condition on a triangu- 
lated category Sf is eguivalent to giving a bounded t-structure on J? and a stability 
function on its heart with the Harder- Narasimhan property. 

2.2. Group action on the space of stability conditions. Bridgeland defined a 

right action of the group GL + (2,R), the universal cover of GL + (2,R), on Stab(^) 
and a left action of Aut(^), the group of exact autoequivalences of 3 ', on Stab(^). 
Here these two actions commute. 

Note that GL + (2, E) can be thought of as the set of pairs (T, /), where / : M ->• K 
is an increasing map with f((f> + 1) = f(<fi) + 1 and T e GL + (2,R), such that 
T(exp(27ri0))/|T(exp(27ri0))| = exp(27ri/(0)) in C = K 2 for all e R. Then, for a 

stability condition a = (Z,V) G Stab(^) and a pair (T, /) e GL+(2,R), define a 
new stability condition a' = (Z', V) by setting Z' = T~ l o Z and V'\<j>) = V{f{4>))- 

Secondly note that an element G G Aut(^) induces an automorphism g of 
K{ST). For a = (Z,V), define a new stability condition G(a) to be {Zog- 1 ,V") 
where V"{<j>) = G(V '(<£))■ 

Okada defined an action of z = a+bi e C on (Z, V) £ Stab(^) [Oka07l Definition 
2.3] by z ■ (Z, V) = (Z', V) where Z'(E) = e z ■ Z and V z {4>) = V{4> - £). 

Proposition 2.4. |Oka07[ Proposition 4.1] The ^-action is holomorphic and free. 

It coincides with the action of a subgroup o/GL + (2,M). The quotient Stab(^)/C 
is a complex manifold, modeled on the projective space of a topological vector space. 
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2.3. Stability conditions and exceptional objects. Emanuele Macri discussed 
the spaces of stability conditions on triangulated categories generated by finitely 
many exceptional objects [Mac07| . 

Definition 2.5. (1) An object E in 3? is called exceptional if 

'C (k = 0) 



Hom>(£,£) 



(otherwise) 



(2) A sequence (Ei, E2, . . ■ , E n ) is called an exceptional collection if each Ei is 
exceptional and Hom^(£'i, Ej) = for all k and i > j. 

(3) An exceptional collection is called complete if it generates ST by shifts and 
extensions. 

(4) An exceptional collection is called Ext- exceptional if Horn— Ej) = 
for all i j. 

For an exceptional collection, a new exceptional collection can be constructed 
by mutations. 

Definition 2.6. (1) Let E and F be exceptional objects. We define CeF and 
IZfE by the following distinguished triangles: 

C E F — > Rom' (E,F) ®E — > F, 

E — > Hom'(£, F)* ® F — > U F E. 

We call CeF the left mutation of F by E and TZfE the right mutation of 
E by F. 

(2) Let £ = (Ei, . . . , E n ) be an exceptional collection. Define Ci£ and 1Zi£ to 
be the sequences 

Ci£ = (Ei, . . . , Ei-i, CEiEi+i, Ei, £7i+2, ■ • ■ , E n ), 

lZi£ = (Ei, . . . , Ei-i, E i+ i, lZE i+1 Ei, E i+2 , E n ). 

We call Ci£ (resp. lZi£) the left (resp. right) mutation of £ . 

Proposition 2.7. (See for example |Bon89j ) 

(1) A mutation of an exceptional collection is also an exceptional collection. 

(2) If an exceptional collection generates 2? then its mutation also generates 

sr. 

(3) The following relations hold: 

CiR-i = IZiCj = id, IZilZi+ilZi = IZi+ilZilZi+i, 

and Ci£i+i£i = £i+i£i£i+i. 

The last equations and, Ti{R,j = IZjlZi and £i£j = £j£i if \i — j\ > 1, induces 
an action of the braid group on the set of exceptional collections. 

Here we denote by (S) the extension-closed subcategory of 2T generated by a 
subcategory S. 

Lemma 2.8. Mac07, Lemma 3.14] Let (E\, . . . , E n ) be a complete Ext- exceptional 
collection on S? . Then (Ei, . . . , E n ) is the heart of a bounded t-structure on . 

Lemma 2.9. Mac07i Lemma 3.16] Let (E%, . . . , E n ) be a complete Ext- exceptional 
collection on 2? and let (Z,V) be a stability condition on 5* . Assume Ei, . . . ,E„ £ 
V((0, 1]). Then (E u ..., E n ) = V((0, 1]) and Ej is stable, for allj = l,..., n. 
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Fix a complete exceptional collection £ = (Ei, . . . , E n ) on ST . The Grothcndicck 
group K{3?) is a free abelian group of finite rank isomorphic to Z® n generated by 
the classes [Ei]. By applying Theorem 12.31 and Lemma 12.81 we obtain the next 
Lemma. 

Lemma 2.10. |Mac07] A stability condition, as a pair (Z,A) of a heart A and a 
stability function Z , can be constructed by the following steps: 

• Choose integers p\ , . . . , p n such that (E\ [p{\ , . . . , E n [p n ] ) is Ext- exceptional. 

• Denote Q p := (Ei[p\], . . . , E n [p n ]}. Then Q p is the heart of a bounded 
t-structure fLemma \2.8\) . 

• Pick n points Z\ , . . . , z n in the upper half plane H in C and define Z p : 
K(Q p ) — > C by Z p (Ei[pi\) = Zi. Then Z is a stability function with the 
Harder- Narasimhan property. 

Define Of to be the subset of Stab(cT) consisting of stability conditions obtained 

by this way, up to the action of GL + (2,R). Lemma 12.91 implies the following 
immediately. 

Lemma 2.11. |Mac07l For an exceptional collection £ = (Ei, . . . , E n ), each Ei is 
stable for all stability conditions in Og . 

Lemma 2.12. Mac07, Lemma 3.19.] The subspace 0£ C Stab(i^) is an open, 
connected and simply connected n- dimensional submanifold. 

This Lemma is one of the main results in |Mac 07 . It is worth to note how Macri 
proved this fact. 

For an exceptional collection F s = . . . , F s ) (s > 1), we define, for i < j, 



k i,j '- 




if Hom fc (F l , Fj) = for all k, 
Hom fe (Fi , Fj) ± 1 , otherwise. 



Then define a„ 3 = 0, and for i < s 



mm jfc^ + a^ s j — (s — i — 1) 



inductively. Consider R" with coordinates <fii, . . . , <fi n . Let F s := (Eg 1 , . . . , Eg s ) C 
(Ei, . . . ,E n ), s > 1. Define the relation R Fs on R" by <f> tl < <j>e s + af". Finally 
define 

m, > for all i and 



C £ := < (mi, . . . , m n , <f>i,..., 4> n ) € 



R?* for all T s C £, s > 1 



Then Cg is homeomorphic to Of via the map p : Of — > Cf defined by mi(p(o~)) := 
and (j>i(p(a)) := 4>,j(Ei). To see [Mac07] for the proof of the fact that p is 
a homeomorphism and that Cg is connected and simply connected. 

3. QUIVERS WITH TWO VERTICES 

A quiver Q consists of the following data; 

• a set Qq of vertices, 

• a set Qi of arrows, 

• a map s : Q\ — >• Qq called the source map, and 

• a map t : Qi —> Q n called the target map. 
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We write a : a — > b if s(a) = a and t(a) = b for a € Q\. A representation V on Q 
is a family V = {V a , fa] such that 

• V a is a finite dimensional C-vector space for all a € Qo and 

• fa '■ Va ~ ^ Vb is a linear map for each arrow a : a — > 6. 

A morphism F : V — > V between representations is the family F = {F a : V a — > V£} 
such that it is compatible with fa • Define rep(<5) to be the abelian category of 
representations on Q and T>(Q) = 2? b (rep(Q)) to be the bounded derived category 
of rep(Q). Here we consider quivers with no loops, no cycles and no relations. The 
following are well-known facts: 

Ql: Define Ei in rep(Q) by assigning C to the vertex i and to other vertices. 

Then {Ei}i < zQ a is a complete set of simple objects. 
Q2: Hom(Si, S 3 ) = C if % = j and = if % ^ j. 
Q3: Ext 1 (5i, Sj) = C" if there exist n arrows from i to j. 
Q4: rcp(Q) is hereditary. And so every X G T>(Q) is isomorphic to the its 
cohomology considered as a complex with differential. (See for example 
|Kra07l 1.6].) 

Q5: KiV{Q)) = K(iep(Q)) is a free abelian group generated by all classes 

As a triangulated category, V{Q) fits into the settings of the previous section 
and Maori's results can be applied to V(Q). In fact Macri studied Stab(P„) = 
Stab(I?(i ;> rl )) where P n is the quiver with two vertices and n parallel arrows from 
one vertex to the other. 



Let So an d Si be the exceptional objects in V(P n ) where 5 [1] and S\ are the 
simple objects in rep(P„). According to |Mac071 ICB921 lRin94j . if we define 

. = Us k+1 S k+2 (k<0) 
k ' \lls k _,S k - 2 (k>2) 

inductively, then S^s are the only exceptional objects in T>(P n ) up to shifts and 
isomorphisms and each adjacent pair (Sk, Sk+i) is an exceptional collection. Note 
that each (Sk,Sk+i) is the right mutation of (Sk-i, Sk)- Note also that if n = 1, 
iterating mutation tree times is equal to the degree one shift; 

ftiftifti(S 0) Si) = (5 [l],5i[l]) 
and so Sq, Si and S2 are the only essentially different exceptional objects. 

Lemma 3.1. Ma c07[ Lemma 4.1] Assume that n > 1, if i < j then in T>(P n ) 

• Hom fe (5i, Sj) ^ only if k = 0; 

• Hom fc (Sj, Si) ^ only if k = 1. 

In particular the pair (Sk,Sk+i) is a complete strong exceptional collection. 

Lemma 3.2. |Mac07l Lemma 4.2] In every stability condition on T>(P n ) there exists 
a stable exceptional pair (E, F). 

Let Qk, k £ Z, be a subset of Stab(P„) consisting of all stability conditions made 
from (Sk,Sk+i) by Lemma [2. 101 

Lemma 3.3. 0& coincides with the subset of Stab(P„) consisting of all stability 
conditions in which Sk and Sk+i are stable. 
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Proof. See |Mac07| section 4] . □ 
Proposition 3.4. If n > 1, Stab(P„) = \J keZ Ok- In addition, Stab(Pi) = 9 U 



Proof. It follows immediately from Lemma I3.1[ 13.21 and 13.31 □ 
Proposition 3.5. Mac07| Proposition 4.4] For all integers have 

e fc n e h = o_ x 

where 0_i is the GL + (2, H)-orbit of the stability condition cr_i = (Z_i,P_i) given 
by Z_i(5 [l]) = -1 and Z^Si) = l + i. 

According to the proof of Lemma 12.121 we have 

6 fc = C fe := {(mi,m 2 , <f>i, fa) £ K 4 | m 4 > and 0i < </> 2 } ■ 

Clearly, it is connected and simply connected. By using the Seifert-Van Kampcn 
theorem, Macri shows that the whole space of stability conditions is connected and 
simply connected. 

Theorem 3.6. |Mac071 Theorem 4.5] Stab(P„) is a connected and simply connected 
2 -dimensional complex manifold. 

In the rest of this article, we analyze how O^'s are glued each other. For conve- 
nience, let us change the expression of C k - 

Lemma 3.7. Ct = C x I where H = {z <G C | Imz > 0}, the upper half plane. 
Proof. Define 

Cfc(fTJi,fTi2,0i,</>2) := nog(mi) + in<p l7 log {^-^j + m{4>2 - 4>i) 
It is clear that is a homcomorphism. □ 

Let us consider the correspondence between elements in 0^ and Cxi. For 
z = a + bi G C and w = c + di £ M, a = (Z, V) £ Ofc is the one defined by 

(1) Z(S k ) = e 2 , Z(S k+1 ) = e z+w , CT (5 fc ) = b and cf> a {S k+1 ) = b + d. 
Conversely, for a = (Z,V) £ 6fc, 

z = log \Z{S k )\ + in<f> a (S k ) and 
Z{S k+x ) 



w = log 



Z(S k ) 



Lemma 3.8. The action ofC on Stab(P„) ; defined by Okada, can be restricted to 
Ok for each k. 

Proof. The C-action does not change the stable objects. □ 

The induced C action on C x i is given by 
(2) z' ■ (z,w) = (z' + z,w). 

Therefore the quotient is homcomorphic to H. 
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4. THE CASE OF ONE ARROW 

In this section, we study Stab(Pi). In this case, since essentially different excep- 
tional collections in T>(Pi) are only three: (So, Si), (Si,^) and (S^,^ = £o[l]), 
the space of stability conditions is union of subsets constructed by them: 

stab(Pi) = e ueiue 2 . 

The intersection of O^'s is 0_i C Stab(Pi) consisting of all stability conditions 
such that So, Si and S2 are all stable. Since there is a distinguished triangle 

So — > Si — > S2 — > So[l], 

we have 

(3) Z(S 1 ) = Z(S ) + Z(S 2 ) 
and 

(4) CT (S O ) < MSi) < MS2) < ^(So) + 1 
for all a = (Z,V) £ 0_i. 




Figure 6. 

By Lemma [3~7l let Qk — Cfe x Ufc {k = 0, 1, 2) where C k and M k are copies of < 
and H. Now we consider how x Eh- are glued each other. 

Theorem 4.1. Let 

H fe := {w e H I < Imw < 1}. 
Define tp k : C x H -> C k x H fc (k = 1,2) by 

( e w -l\ 
<pi(z,w) := I z + to, log — — j 

V3 2 (z,w) := (z + log(e w - 1), log 



1 - e v 

and define an equivalence relation by (z,w) ~ (pk(z,w) for each (z,w) £ Co x Ho 
and k. Then 



Stab(Pi) = Q C fe x H fc / 
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Proof. Because of the inequality (j4}, 0, the intersection of 0fc's, corresponds to 
C fc x W k for each k. Let (Z,V) G 6 and let (z k ,w k ) G C fc x H fc (fc = 0, 1, 2) 
be elements corresponding to (Z,V). The equation ([1]), in section 3, and Figure [6] 
imply that 

e Zl = Z(5i) = e 2o+ ™° and e" 1+tUl = Z(S 2 ) = e 2o+tu ° - e z ° 

and 

e Z2 = Z{S 2 ) = e Za+W0 ~ e za and e Z2+W2 = Z(S [l]) = -e z ". 
Hence ipk arc defined. 

It is clear that ipi are homcomorphisms and 0,'s are glued by them. □ 

Theorem 4.2. Define tp k : H -> H fe (k = 1,2) by 

e w - 1 1 
tpi(w) := log ■ and ip2(w) := log ■ 



e ui ° 1 - e w 

define an equivalence relation by w ~ ipk(w) for each w € Hq and fc, and define 



d := |J H fe / 



\fe=o / 

T/ien Stab(Pi)/C ^ d (see Figure Qp. 

Proof. The action of C on Cfc x Hfc is given by the addition to the first factor, c.f. 
@ in section 3. Hence the quotients Hfc by C are glued by tp k , which is the second 
factor of ifik- D 

5. THE CASE OF MULTIPLE ARROWS 

Suppose n > 2. On the bounded derived category T>{P n ) of representations of 
P n , there is a sequence of exceptional objects 

. . . , 5-2, S-i, So, Si, 02) • ■ • 

where each pair (Sh,S k +i) is a complete strong exceptional pair, each Sfc+2 is a 
right mutation of S k — > Sfc+i, and no other exceptional objects without shifts and 
isomorphisms. 

Definition 5.1. For n > 2, define a sequence of real numbers {afc}fc S z by 

• ao = 0, ai = 1, 

• afc+2 = nak+i — a k for k > 2, and 

• = — for I > 1. 

Lemma 5.2. There is a distinguished triangle 

■ ■ ■ ► Sk-2 > &k-l > > Sk-2{1] > ■ ■ ■ 

Hence, for a group homomorphism Z : K{P n ) — > C, we obtain 
(5) Z(S k ) = a k Z(Si)-a k - 1 Z{S ). 

Proof. It is well known that 

it j (Q c^/ C " Cj' = o) 
Rora vb{Pn) (S ,S 1 ) = ^ Q 

By the definition of mutation, there is a triangle 

> So — > Hom^ (Pn) (5 , 5i) ® 5i = Sf" — ► S 2 — ► 5 [1] — ► ■ ■ ■ . 
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The Horn exact sequence implies 

V (j = o) 



Rom. 3 Db{Pn} {Si,S 2 ) = 
and 

Hom^, i)(Pn) (S 2 ,S ) = 



(otherwise) 



C (j = l) 
(otherwise). 

We can show a similar property holds for all S k by induction. 

For a group homomorphism Z : K{P n ) — > C, the triangle induces 

Z(S k ) = nZ{S k -i) - Z{S k - 2 ) (for all k > 1 and) 

Z(S-k) = nZ(S- k+1 ) - Z{S- k+2 ) (for all k > 0.) 

By induction we obtain the equation ([5]). □ 

The sequence {a k } can be described as follows. If n = 2 

a = 0, ai = 1, a 2 = 2, . . . , a*, = fc, . . . , 

and if re > 2 




Note that, for n > 2, and arc convergent sequences 

(6) 



a 2 




£3 






a-k 




a-k+i 




> 




> ■ 


■ > 




> 




(>i 




a 2 






a-k-i 




a-k 


ai 




(l 2 










a-k 




< 




< ■ 


■ < 




< 




a 2 




a>3 






a k 




ak+i 



k^oo n + vr? 
> ••• > — 



fe^oo n - y/n 2 - 4 
< • • • > - 



2 

The space of stability conditions can be decomposed as 

Stab(P„) = |J 6 fc , 

where each Q k is the subset of all stability conditions with Sk and 5^+1 stable and 
is homeomorphic to Cfc x M k . The intersection 0-\ = Q k D 6/j (for all k ^ h) is 
the subset of all stability conditions on which all Sk are stable. Let us investigate 
how Qk are glued by the method used in the previous section. 

Theorem 5.3. Define ip k ■ C x H ->• C k x W k by 

ak+ie w - a k 



(7) ip k (z,w):= [z + \og(a k e w - a k -i), log 



a-ke^ - a k -i 



for each k and define an equivalence relation by (z,w) ~ (p k (z,w) for all (z,w) € 
Co x Hq and k. Then 



Stab(P„) S ( |J 



: fc x H fc / 
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Proof. Because of Lemma [5.21 ([5]), 0-i corresponds to Cfe x Hfe for each k. Let 
(Z,P) G O-i, and let (z,w) G C x H and (z',w') G Cfe x Hfe be elements 
corresponding to (Z,P). From Q, we have Z{S ) = e z , Z(Si) = e z+w , Z{S k ) = 
e z , and Z(S k +i) = e z +w . Hence, the equation and Lemma T5. 2 1 (|5|) imply 

z+w „ z z'+w' _ Z(S k +i) _ a k +ie z+w - a k e z 



Z{S k ) = a k e z+w - a k ^e z , e z 



Z{S k ) a k e z + w - a k . x e z 
By solving the equations, we obtain (p k . □ 

Theorem 5.4. Define ipk ■ Ho — > H fc by 

W 

i , s -, a k+ ie — a k 

tp k (w) := log 

a k e w - a k -i 

for each k, define an equivalence relation by w ~ ip k {w) for each w G Ho and k, 
and define 

C n := ( UH fc J / - . 
Then Stab(P n )/C ^ C n (see Figure^ . 

Proof. Similar to the proof of Theorem 14.21 □ 

6. PROOF OF MAIN THEOREMS 

We have seen details of the principal C-bundle structure of Stab(P„). In this 
section we study the local homeomorphism Z : Stab(P„) — s- Hom%(K (P n ) , C). 

Since the Grothendicck group of the derived category of representations of a 
quiver is a free abelian group generated by the isomorphism classes of simple objects, 
K(P n ) = Z(5 ,5i). It is clear that Hom z (#(P„), C) ^ C 2 by mapping Z to 
(Z(S ),Z(S 1 )). 

Lemma 6.1. The image of Z : Stab(P„) — > Homz(K(P n ), C) is homeomorphic to 
<C 2 \{(0,0)}. 

Proof. It is enough to define a stability function Z, on some abelian subcategory 
(S k [p k ], <Sfc+i [pfe+i]) generated by an Ext-exceptional pair, such that Z([Si\) = Zi 
(i = 0,1) for each (z , Zl ) G C 2 \ {(0,0)}. 

Suppose z and z\ are both not equal to zero. We can choose Ei G {1,-1} 
(i = 0, 1) such that SiZi are both in the upper half plane. Then we can define a 
stability function Z on (5o[po], by Z(Si[pi\) = EiZi for a suitable choice of 

(Po,Pi)- 

Suppose zq — and z\ ^ 0. We can choose e G {1, —1} such that ez\ is in the 
upper half plane. Then we can define a stability function Z on (Sifpi], S^^]) by 
Z(Si[pi\) = ezi for a suitable choice of (p\,P2)- 

If z\ = and zq ^ 0, we can define Z on (S-i[p-{\, Sq[pq\) similarly. □ 

For the subset Q k consisting of all stability conditions with stable S k and Sfc+i, 
there is a commutative diagram 

Qk i C fe x Hfe 



3 



<//,- 



Hom z (X(P„),C) 
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where f{Z,T J ) = (z,w) defined by the equation ([T]). Since h is a homeomorphism 
given by h(Z) = (Z(So),Z(Si)), the equality (0) implies 

'a k Z(S k +i) - a k+ iZ(S k ) a k ^ 1 Z(S k+1 ) - a k Z(S k )" 



h(Z) = 



afe-iflfc+i — a k 



Ofc-lOfc+l — Ofc 



and 



9k{z,w) 



a k e 



z+w 



a k+ ie a k -ie 



z+w 



a k e^ 



afe-iflfe+i 



a k _ia k+ i 



C\{0}- 



It is clear that g k commutes with the C-action on Cfc x M k and the C 
action on C 2 , because the C-action is given by the addition to the first factor. It 
is also clear that g k o ip k (z,w) — (e z ,e z+w ). Therefore we obtain the following 
commutative diagram. 



C x - 

This shows the theorem: 



U feeZ C fe xH fc A 



C 2 \{(0,0)} 



u 6 



■ CP 



Theorem 6.2. We obtain the following commutative diagram where each rows are 
principal fiber bundles: 



cxp 



^ Stab(P„) 
z 

C 2 \{(0,0)} 



c 



Xn 



Now we consider the map \n- F° r ( z i w) G C k x H^, the composition of g k and 
7r induces 



iro g k (z,w) 



a k e z+w - a k+ ie z a k ^e z+w - a k e z 



a k -\a k+ i — a k a k -\a k +i — a k 
So we obtain 

Xn(w) = [a k e w - a k+ i : a k ^ie w - a k ] 
for w G Hfc. Note that X n(w) = [1 : e w ] if w G H . 

Proof of Theorem \1.1\ In the case of n = 1 , since 
h(Z) = {Z(S ),Z{S 1 )) 

= (Z(S 1 )-Z(S 2 ),Z(S 1 )) 
= (-Z(S [l}),Z(S 2 )-Z(So[l})) 
(see Figure [6]) , it can be easily seen that 

g 1 (z 1 ,w 1 ) = (e^-e^ +w \e^) 
g 2 (z2,w 2 ) = {-e Z2+W2 ,e Z2 - e Z2+W2 ) 
where g k : C k x M k —> C 2 . Hence 



'[l:e w ] (we H ) 

Xi W = I [1 -e w : 1] (w G Hi) 
\e w :e w -l] (w G H 2 ) 
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The projective special linear group PSL(2, C) acts on the sphere CP 1 . Let Gi 
G PSL(2, C), the order of which is 3. It is clear that 



-1 1 



Gr-i un r w w 
i • [1 : e J = [e : e 



1] and G\ • [1 : e w ] = [1 - e w : 1], 



that is xi(Hi) = G\ ■ Xi(H ) and xi(H 2 ) = G\ ■ Xi(Hq)- It is also clear that 



d • [1 : 0] = [0 : 1] 
G 1 ■ [0 : 1] = [1 : 1] 



and 



G\ ■ [1 : 0] = [1 : 1] 
G\ ■ [0 : 1] = [1 : 0] 



Therefore xi wraps each upper half plane Hfc on CP 1 , i.e. 



0], 

0], and 
!]• 



• wraps Ho on CP 1 around points [0 : 1] and [1 

• wraps Hi on CP 1 around points [1 : 1] and [1 

• wraps H2 on CP 1 around points [1:1] and [0 
See Figure [3] for detail. Moreover we have thus proved that xi is a covering map if 
it is restricted to the inverse image of 

(8) CV\ = CP 1 \ {[1 : 0], [0 : 1], [1 : 1]}. 

In the case of n = 2, since au = k, 

X2 ( w ) = [ke w - (k + 1) : (k - l)e w - k] if w G H fc . 
ll 



Let G 2 



-1 2 



G PSL(2, C), the power of which is 



G* = 



-k+1 k 
-k k + 1 



for each k G Z. It is clear that 



G^ k ■ [1 : e w ] = [{k + 1) - ke w : k + (-k + l)e w ] 
= [ke w -(k + 1) : (k- l)e w - k], 

that is X2(Hfc) = G^ ■ X2(Ho). It is also clear that 

{G^ k -[1:0] = [fc + 1: k] and 

[Gz k -[0:1] = [-k : -k + 1] = [jfe : k - 1}. 

Therefore xi wraps 

• Ho on CP 1 around the axis from [0 : 1] to [1 : 0] and 

• Hfc on CP 1 around the axis from [k : k — 1] to [k + 1 : k]. 
Note that 

lim [k:k-l]= lim [k + 1 : k] = [1 : 1] 

k—¥oo k— >oo 

lim [k - 1 : k] = lim [k : k + 1] = [1 : 1]. 

k— ¥00 k— >oo 

See Figure [U We have thus proved that %2 is a covering map if it is restricted to 
(9) CV 2 = CP 1 \ {[1 : 1], [k : k + 1] | k G Z}. 

1" 

-1 n 



In the case of 71 > 3, let G„ = 

GA: 



G PSL(2, C), the power of which is 



-ctfc-i afc 
—afc afc + i 
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for all k G Z. It is clear that 

G~ k • [1 : e w ] = [-a-k-i + a- k e w : -a- k + a_ fe+ ie* 
= [flfc+i - a k e : a k - a k -\e \ 
= [a k e w - a k+ i : a k -ie w - a*], 

that is x„(Hfe) = G~ k ■ x„(Ho). It is also clear that 

J G~ k -[1:0] = [— o_fc-i : -a-k] = [fflfc+i : Ofc] and 
[G~ k -[0:1] = [a_ fc : a_ fc+ i] = [a k : a k -i]. 

Therefore Xn wrap 

• Ho on CP 1 around the axis from [0 : 1] to [1 : 0] and 

• Hfc on CP 1 around the axis from [ak ■ flfc-i] to [a k +i ■ fflfc]. 
Note that (J6j) induces the following: 



lim [ak ■ a k -i] = lim [ojb+i : a k ] 

k— ¥oo k-^-oo 



lim [a_ fc : a_ fe _i] = lim [a_ fe+ i : a_ fc ] 

k— >oc k — >oo 



1 



n + vr? 



See Figure [5] We have thus proved that Xn is a covering map if it is restricted onto 

(k G Z), 

to 



(10) 



CVn = CP 1 \ 



[ojt : Ofc+i 
arc from 



n — yj n 2 — 4 



n — yj n 2 +4 



Now we have completed the proof of Theorem 11.11 



□ 



Proof of Theorem \1.2i This is a corollary to Theorem 11.11 The inverse images of 
P, ©, and (HOJ via 7T : C 2 \ {(0,0)} -> CP 1 arc given as follows: 

tT^CPi) = C 2 \ { Zl = 0} U {z 2 = 0} U {z x = z 2 }, 

tt- 1 {CV 2 ) = C 2 \ {z 2 = zi} U {fcz 2 = (fc + 1)21 1 k G Z}, 

tt- 1 ^) = C 2 \ {a k z 2 = a k+lZl \k£Z} 



U < z 2 = Xzi 



A G 



n - \/ri 2 - 4 < < n + Vn 2 - 4 



Then the map Z : Stab(P„) — > C 2 is a covering map if it is restricted to each of 



these subspaces. 



□ 
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